A level Mathematics Practice Paper — Integration — Mark scheme

Question Scheme Marks
1(a) 1= A(3x—1)" + Bx(3x—1)+Cx Bl
x—0 (1 = A) M1
x—1 1=1C = C=3 any two constants correct Al
Coefficients of x*
0=9A+3B = B=-3 all three constants correct Al
4)
1(b)

6) 1 3 + 3 > |dx
x 3x-1 (3x—1)

:lnx—gln(3x—1)+

MI1 Alft Alft

(zlnx—ln(3x—l)—

3x-1

(ii) Ilzf(x)dxz[lnx—ln(.%x—])— 3XI_J

1 1
=|In2-In5-—=|—| In1-In2—— M1
(12 - in1-m2-
2x2
=1ln + M1
3 4
=—+In| - Al
10 (5]
(6)

(10 marks)
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Question Scheme Marks
2
Ixsiandx:—xcoszx+jCoszxdx MI Al Al
2 2
in 2
_ sin 2x Ml
4
[ ]P=Z M1 Al
o 4
(6 marks)
3(a) du 1
u=Inx = a =—
J—31nx dx, x2
b Vo, X -1
=X = Vv=—=—
dx -2 2x
In the form ﬁlnx J_rJ‘,uiz.l M1
X X X
- 1 L lnx simplified or un-simplified. Al
=—Inx-| —.— 2x =
2x 2x7 x
-~ _—12 1 simplified or un-
2x° x Al
simplified.
{: _2 Inx +1J.i% dx}
2x 2) x
11 >
1 1 i"‘ﬂ_z'_ - £ phx. dM1
= ——zlnx+—[——2) {+ C} X X
2x 2\ 2x - -
Correct answer, with/without + ¢ Al
()
3(b) 2
[—%lnx—%:l =|- ! ~In2 - ! ool el 121n1— 12
2x 4x° |, 2(2) 4(2) 2(1) 4(1)
Applies limits of 2 and 1 to their part (a) answer and subtracts the correct M1
way round.
1
= i — lln2 or i —In2% or i(3—21n2), etc, or awrt 0.1 or
16 8 16 16 Al
equivalent.
(2)
(7 marks)
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Question Scheme Marks
4(a) J-xsin3x dx = —%xcos3x—J‘ —%cos3x {dx} M1 Al
1 1.
:—gxcos3x+§sm3x {+¢} Al
)
4(b) Ix2cos3xdx = %xzsin3x—I§x5in3x {dx} M1 Al
=%x2 sin3x—§(—%xcos3x+$sin3xj {+¢} Al isw
{z lx2 sin3x + 2xcos?wc - isin3x {+ c}}
3 9 27
Ignore subsequent working A3
(6 marks)
3(a) y:4x—xe%x,x>0
{y:O A xe¥ =0 x4 e)=0 }
iy M1
e’ =4 X, =4In2 Al
(2)
5(b ! L L Ml
®) { XeZXdX} = 2xe? 2e?2 {dx}
Al
I, 1,
= 2xe? de? {+ C} Al
(3)
S(©) { 4xdx} = 2% Bl
A2 ( 1 1 41n2 or In16 or their limits
{I (4x  xe®) dx} = {2% széx 4e2" J
0 0
Lam L4m 1 1
= (2(4111 2> 24n2)er " 4 402" 2)} (2(0)2 20y + 462(0)} Ml
= (32(In2)* - 32(In2) + 16) - (4)
=32(In2)* — 32(In2)+ 12 Al
3
(8 marks)
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6(a) 1.154701 B1 cao
()]
6(b) 1 .
Area > :x 1+2(1.035276 + their 1.154701)+1.414214 | Bl M1
V4 1.7787 or awrt
= E>< 6.794168 = 1.778709023... =1.7787 (4 dp) 17787 Al
3
6(c) X))
% F =1 -
z A or ﬂj(S&(JJ B1
V= ﬁj sec(—j dx o
0 2 Ignore limits and dx.
Can be implied.
:{7;} 2tan| = ’ i/ltan(fl Mi
2], 2
2tan (gj or equivalent Al
=27 27 | Al cao cso
(G
(8 marks)
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Question Scheme Marks
7(a) 5 A N B
(x—l)(3x+2) x—1 3x+2
5=A(3x+2)+B(x—1)
x—1 5=5A = A=1 M1 Al
x—)—z 5=—§B:>B=—3 Al
3 3
(3)

7(b)
dx = dx
j( (3x+2) J.x 1 3x+2
) (

=In(x—-1)-In(3x+2) (+C) ft constants M1 Alft Alft
3
7(c)
(x—l)(3x+ 2) y
In(x—1)-In(3x+2)=Iny (+C) Ml Al
K(x—l) . .
y=—""—"-+ depends on first two Ms in (c) M1 dep
3x+2
Using (2,8) 8= % depends on first two Ms in (c) M1 dep
_ 64(x—1) Al
3x+2
(6)
(12 marks)
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Question Scheme Marks
8(a) 3y—4 A B
— = —+ = 3y—-4=A@By+2)+ By
Y3y+2) ¥y (By+2) Mi
y=0 = —4=24 = A=-2 ii
y=—% = —-6=-2B = B=9
j 3y -4 J_ dy
Y3y 2 <3y+2> ML ALt
Al cao
= —2Iny +3In@By +2) {+ ¢}
(6)
8(b) {x=4sin29:>}%=8sm6’cosé’ or £—4sm20 or dx=38sin cos d B1
. 2
451—n'€ 8sinHcos b d6? 4/ 4sin” 0 . 4sin 26 d<9 M1
4—4sin” 0 4—4sin* 0
=Itanl9.85in000st9{dt9} or Jtan9.4sin249{d6’} il
:I8sin29d9 Al
3 =4sin’ 6 orizsinzﬁorsinﬁzgjez— {x=0—>9=0} B1
&)
8(c _
(© ={8}J‘(¥jw {: -.-(4—400526’)d9} Ml
1 1. .
={8}(§¢9—Zsm29] {= 40 - 2sin26} M1 Al
*8sin’60 d = 8[ H—lsinZQT gl [z_ L3 ~(0+0)
0 4 . 6 4| 2
=—r 3 o.e Al
€))
(15 marks)
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Question Scheme Marks
9(a) Working parametrically:
x=l—lt, y=2'"—-1or y=e" -1
2
{x=0=} 0:1—%t3t=2 Applies x =0 to obtain a value for z. Ml
When r=2, y=2"-1=3 Correct value for y. Al
(2)
9(b) {y 0 :} 02 — 15720 Applies y =0 to obtain a.Value for t. M
(Must be seen in part (b)).
When =0, le—%(O)zl x=1 Al
(2)
20 1 and either Y_ 2'In2 or Y_ e’ 1n2 Bl
dt 2 dr dr
dy  2'In2 q "
&1 Attempts their =~ divided by their —. M1
- = dr dr
2
AtA, r="2", so 1
Applies r="2" and m(N) = —— M1
m(T) = ~8In2 = m(N) = —— PP m(T)
8In2
1
-3= -0 or y=3+ or equivalent.
y 2 (x=0) y g q M1 Al oe
csSo
(5)
9(d) . 1 o
Area(R) = I (2 - 1). -5 dr Complete substitution for both y anddx M1
x=—-1—>t=4 and x=1—>1r=0 B1
i
=—— —t
2/ In2
M1*
. 2 2"
Either 2’ >~ or (2' - 1) > ———— -t or (2'—-1)—>ta(n2)?2) -1t
_>ln2 ( ) +a(In2) ( )_) a(In2)(2)
(2-1)> = -t Al
In2
if2 7 (1 16
|| == — || —=-4
{ 2{1112 l} 2((ln2j (mz D
Depends on the previous method mark. IM1*

Substitutes their changed limits in ¢ and subtracts either way round.
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15 5 2 or equivalent. Al
2In2 2In2
(6)
(16 marks)
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Question Scheme Marks
3
0@ 4 3 0k dx . x=14+ 2sin
0
%:ZCOS Bl
d
{ JG X)(x+1)dx or \/(3+2x x*) dx}
= IJ(3—(1 +2sin0))((1+ 2sin) +1) 2cos {d6} M1
= J.\/(Z— 25in9)(2+ 2sin9) 2cosd {d@}
= (4 4sin* )2cos {d }
= (4 41 cos? )2003 {d} or 4cos®  2cos {d } M1
=4 cos’ d , {k=4} Al
O=1+2sin or 1=2sin or sin = l = —
2 6
B1
and 3=1+2sin or 2=2sin or sin =1 =—
)
= {k}(% +isin2 j Ml
{So4Jizcos2 d = [2 + sin2 ]2}
(5w 2)
2 2 6 6
—(x)- 7 \B)| _4z B Al
3 2 3 2 €ao cso
3)
(8 marks)
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Question

Scheme Marks
11(a) x =30sin0, y:sec30, 030<%
5 5 1 1 /4
{When y:8,} 8 =sec’ @ = cos t9=§ :>cos¢9:5 :>t9:§
M1
k (or x) = 3(5}111 (fj
3 3
SO k (or x) = % Al
(2)
11(b) dx =3siné + 30cos O B1
dog
dx 3 .
{ Y15 {d@}}:'l.(sec 0)(3sin@ + 36cos 0){d6} M1
= 3J.t95eczt9 +tan@sec’ @ dO Al *
x=0and x=k = a=0 and ﬂz% B1
4)
11 M1
(© {'[Hseczé’dé’} = 0tan 0~ [tan 6{d0}
dM1
= @tan @ —In(secH) or = ftand+In(cosd) Al
{jtan&seczé’dé’} = ltan2¢9 or lseczé’
2 2 M1
or Lz where u = cos®
/)
or %uz where u =tané Al
3 L, 3 LT
{Area(R)}={39tan0—31n(sec€)+Etan 6’} or [39tan9—31n(se09)+5sec 9}
0 0
= 3[£)\/§—3ln2+§(3) ~(0) or 3(£j\/§—31n2+§(4) —[Ej
3 2 3 2 2
9 9 1 9
=§+\/§7z—31n2 or 5+x/§7z+3ln 5 or E+\/§7z—ln8 or
| Al o.e.
ln(—eg+ﬁﬁj
8
(6)
(12 marks)

10
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Question Scheme Marks
12(a) I1=A5-P)+BP Can be implied. Ml
A= l B = 1 Either one. Al
5 5
ng &4
iving < +
giving P Gop Al cao, aef
3)
12(b
(®) ! dpP = L dr B1
P(5-P) 15
M1*
Tp- l1n(5 -P)= 1, (+¢)
5 5 15 Alft
1 1 1
{t=0,P=1=} Sinl-<ln(#)=0+c {:> c=—gln4} dM1*
| p | | Using any of the subtraction (or
e.g.: gln(s 5 —5t ——In4 addition) laws for logarithms dM1*
} CORRECTLY
4P
In =—
%53
egi et or egs Lo Eliminate In’ il dM1*
8- s_p -8 ap iminate In’s correctly.
gives 4P = Se’ — Pe = P(4+e")= 5e"
P = Se - ¢ e;[) Make P the subject. dM1*
4+e’) (~e")
(1+4e™) (5+20e)
)
12(c) l1+4e " >1 = P<5. So population cannot exceed 5000. Bl
@)
(12 marks)

11
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Source paper | Question | New spec references | Question description New AOs
number
1| C42012 1 2.10, 8.6 Partial fractions, Integration 1.1b
2 | C4Jan 2011 1 8.4,5.3 Integration 1.1b
3 | C4Jan 2013 2 8.2,8.5 Integration 1.1b
4| C4 Jan 2012 2 8.2,8.5 Integration 1.1b,
5| C4 2015 3 6.3, 8.5 Integration 1.1b, 2.1, 3.1a
6 | C42013 3 8.2,8.5,64 Integration 1.1b, 2.1
7 | C4 Jan 2011 3 2.10, 8.6, 8.7 Algebra and functions, Integration 1.1b, 3.1a
8 | C4 2016 6 8.5, 8.6 Integration 1.1b, 2.1, 3.1a
9 | C4Jan 2013 5 3.3,7.3,75,83,85 Parametric curves and equations, Parametric differentiation, Integration | 1.1b, 3.1a
10 | C4 2015 6 8.2,8.3,8.5 Integration 1.1b, 2.1
11 | C4 2017 8 5.4,74,8.3,8.5 Parametric curves and equations, Integration 1.1b, 2.1, 3.1a
12 | C4 Jan 2012 8 2.10, 8.6, 8.7, 8.8, 2.11 | Partial fractions, Integration 1.1b, 2.1, 3.1a, 3.4

12




