8 y=sin5x+cos3x

d—y=5cusﬂx-35in31

At (m,—1), Y =5cos5n—3sin3n
dx

=5x(-1)=-3x0=-5
Equation of tangent 1s y —(=1) ==5(x—m)
ory==5x+5n-1

9 1;|2=2:r3 —SIinx
ﬂ:Jilx—f:;«:x‘s_ﬁr

Whenx=mx, y=2n" and

d—y=4:r|:-c<:-5:n:=4:r|:+]
dx

1

dm+1
Equation of normal 1s

yrwl G

Multiplying through by (4n + 1) and
rearranging gives
x+(4m+1)y—n8n" +2n+1)=0

Gradient of normal 1s —

y=2n" =-—

9 ]_.Eil_}f:ﬂ'h

a= krhna Eq kna)x

Then y=e™ =e
dy

3 =(klna)e""™ " =klnae™™

Ina™ ke
=klnae™ =a‘klna



11¢ y=In(cosx)’ 12 y 4

Let u=cosx; theny=Inu’ =2Inu C(2-4xy
E:—sinx and d_yzg I_;F.'l1',.r=2—111-3:;lhvf:n_y,f:ig=4.|!.r'2
dr du u u
Using the chain rule, du _ 4 and dy _ Ry i=-l
dy dy du 2 inx) dx du u
e _Exg_;x(—smx Using the chain rule,
i dv dv du B 32
=2 =2 ar e w Y Gany
COsX
Whenx=3, y= 4 —-=0.04
PR 10y
3+cos2 ;
e | and = 32 __ 4032
Letu=3+cos2x; theny=—=u" dx  (-10)
i Equation of normal at 4 1s
du . dy s 1 1
—==2sin2x and —=-uy =—-— —-0.04 = -3
_ _ u w ’ 002" Y
Using the chain rule, Multiplying through by 100 and rearranging
dy dy du 1 . gives
e a2 X(2sinly) 100y —4=3125x-9375
_ 2sin2x 3125x-100y-9371=0
(3+cos2x)
13 y=3"
e y=5in(lJ Letu=x"; then y =3"
x r
1 d—uz_’r{z and d—}=3" In3
Letu=—; then y =sinu dx_ . du
x Using the chain rule,
d 1 d s g
Zo— and L=cosu &b 3 n3x3x =33 In3
dx x du dr  du dx

Using the chain rule,

ﬂ=£><d—m=t:|:|su>< —L
dy du dx x°

=
=——cC0s| —
x x

When x =1, %=3x1:x3"‘xln3=91n3




6 y=Jr2 cos(x?)
Let u =x" and v =cos(x’)

ﬂ=2x and ﬂ=—2xsin(x2)
dx dx
Using d—y=u£+vﬂ
dv« dr dx
dy_

=x*(=2xsin(x%) )+ x*)x2
e x( xsin(x )) cos(x)x2x

= Zx(cos(xz) ~x" sin(x” ))

Whenx=—7t,
2
dy R K. K
— =7| coOs———sin—
dx J—( 4 4 4)

m
N
[ =
[
[~ o3
[=]
=
o
-
[
o
=
as
[¢]
=
—
o~
—
)
(A
E
“
o
K
7

8y-n2 =4 2n(1-§)(x_ﬁJ

2
sy-nﬁqz—nm_m(x_%

8y-—1t~/2_=s/2_1t(4—7t)x—¥(4—7t)

Jz_n(n—4)x+8y—7t\/2_+i§(4—-n)=0
2

J21t(1t—4)x+8y-1rﬁ(-n;—2)=0
This is in the form ax + by + ¢ = 0 with

a=s/2_1t(1t—4),b=8 andc=—7tsﬁ(n7_zj



7 y=3x"(5x-3)
Let 4 =3x" and v=(5x-3)’

9 _6x and I —15(5x-3)
dx

j‘; =3x" x15(5x—3)" +6x(5x-3)

=3x(5x-3)* (15x+2(5x -3))

=3x(5x-3)°(25x - 6)
Hence 4=3,n=2, B=25and C =—6.




8 a x

¥

3+2y

0

“’heny:{},x:%:

Ll | =

Coordinates of P are (%, D].

b Letu=e¢" andv=3+2y
du dv

e and —=2
dy dv
E _e"(3+2y)-2e"  e'(2y+1)
dy (3+2y) (3+2y)°

Gradient of normal to the curve 1s
| dx B e"(2y+1)

& dy (3+2y)
dx

Gradient of normal at F[%, {}] 15

Ce'(2x0+1)

3 9
Equation of normal at P is

1 1
Y | PR
’ 9(‘ 3}

‘_—II‘I" :
! 9 27
This 1s in the form y = mx + ¢ with

9 27
&
9 Lety=—
cos3x
Letu=x" and v=cos3x
ﬁ =4x" and ﬁ = —3sin 3x
dx dx
du dv
dv "o &
Using —=—%_— &%
dx Vv
dy 4y’ cos3x —x" (—3sin 3x)
dx cos” 3x

3 x*(4cos3x + 3xsin 3x)

2
cos” 3x




Letu=¢" and v=(x-2)
E:ZEH and E=2{x—2}
dx dx

du B dv
) d} v E u E
Using —=——7F—
dx v
dy  2(x-2)e™-2e™(x-2)

dx (x=2)*
_ 2eM(x-2){(x-2)-1)
) (x-2)’
_2eM(x-3)
 (x=2)
Sod4=2,B=1and C=3.

b Whenx=1, y=¢
dy  2e'(-2)
e -l
Equation of tangent 1s
y—e' =4e’(x-1)

= 4e’

and

y=4e’x-3¢*

1a fx)=—2 4+ &
x+5 x*+Tx+10

2x fix

x45  (x+2)(x+5)

_ 2x(x+2) N bx
(x+2)(x+5) (x+2)x+5)
2 +4x+6x 2% +10x
(x4 2)(x+5)  (x+2)(x+5)
o 2x(x+3) | 2x
C(x4+2)(x+5) x+2

In the last line, dividing through by (x + 3)
15 allowed because x = 0 sox + 5 £ 0.

f(x)=

b Letu=2xandv=x+2

E=.'r] and E=l
dx

dx
f,{x):2(1+2)—qz:r: 4 :
(x+2) (x+2)

4

Hence f'(3)=—== 4
5° 25




2eos2x

2—x

12a f(x)=

Letu=2cos2x andv=¢""

du =—4smn2x and dv =—g "
dx dx

4¢" " sin2x—2cos2x (—e" )
{EE—I ]3
2e’ " (cos 2x — 2sin 2x)

{EE—J )3
At stationary points, f'{x)=0

f'(x) = —

cos2x—2sm2x=10

2sin2x=cos2x

Cotan2x=—

b The range of f{x) 1s between the
v-coordinate of B and the y-coordinate of
the right endpoint of the interval.

tan2x = é = 2x =0.4636 or 3.6052

x=02318 or 1.8026
S0 the x-coordmnate of B 1s 1.8026.

Range of fix) 1s
f(1.8026) v < fi{n)
147y <6.26(3s.f)



1
§ a y=————=secxcosecx

COs XSin x
Let u =secx and v =cosecx

bl

due dv
— =secxtanx and — =-—cosecxcotx

dx

Using the product rule,
Q = sec x(—cosec xcot x)
dx

+ cosec x(sec x tan x)

cosXx sin x
+

COSXSINXSINX SINXCOSXCOSX
1 1
e I 3
sin“x cos x

Alternative solution:
1 2
= — = — = 2cosec2x
cosxsinx sin2x

(because sin2x = 2sin xcos x)

fll =-4cosec2xcot2x
dx

. . dy

b At station oints — =()
ary p T

1 1

2 -2
CcOos" X SsIn"Xx
1 1

2 2 2
CoOs X sin”- x

=0

tan’ x =1

tanx =1
Inthe mterval 0 <x g

; T In
there are two solutions, 1 and —.

4
So the number of stationary points is 2.

Alternative solution:
—4cosec2xcot2x =0

cosec2x # ()

but cot 2x =0 has two solutions
in the interval 0 <x < .

So there are 2 stationary points.



11 x =(arccos y]z
J;t_'zarccnsy
y=cos(+x)
Let u :-J;:_rf' then y = cosu
du l -1

P =——= and dy =—smni

dx 2J_

Using the chain rule,

. 1 sinq";
=—sinux =

NN
sin” -J:?-{- cos” J:?:

sin\r=1,‘]—m53\-{;
. dv _ yl-cos -,-";

e 20

12a x=cosecSy

o

— ==5cosecSycotiy
dy
dy 1

dr ScosecSycotSy

b 1+cot” 5y =cosec’ Sy

cotSy = qusec: Spy=1= Jx' -1
o dy 1

. Ez Sxafx’ =1




7 a x=2sin"t, y=2cott
dy

T . ¥
d_ =4sinfcosf, — ==2cosec
t

cdy 2cosec’t 1

S . = ——sectcosec |
dx d=zintcost 2

b ’When.r=g, x=é,y=}1\-{3_r

wmd @12 0 8 8

e 2 f3 N
Equation of tangent 1s

83 1

| . Al S

yo3 =T (x 2]
By-6=-8x+4

8x++3y-10=0



8 a x=4sint, y=2cosec2s
1=23 = 4sint=23
J?: LI 2n

sinf =—

2 T3y

T 2n
r=§ = y= 2LDbEL—=

4 _4B
o

3
which 1s the y-cuurdmate of point 4.

So I=§ at point 4.

b Ezéicosf, d—y=—4cosec.?.rmt 2t
dt dr

. dy _ —4cosec2tcot 2t
" dx decost
~ cot 2t cosec 2t

cost

b8 2n
Col — cosec —
3 3

| dy__

I
Cos5—

€353

1
2

Lul-l:-

. gradient of normal 15 —

Equation of normal, /, 1s

ﬂ ——2(-245)

12;:—15(: ~9(x—243)
9x+12y-3443=0



9 b Equation of tangent at P 1s

9 =t"+t, y=t =10t +5
A x=banhy N y—101=2(x—30)

dx dy
—=2t+1, ==2t-10 =
ar ar y=2x+41
& = 2010 ¢ Substituting for y and x in the tangent
de 2+l 210 equation:
When gradient is 2, 2‘;‘ - =2 £ —10t+5=2(* +1)+41
+

2U-10=4t+2 =t =—6 ]‘;_”.2’7'36:{}]22 42360
VY 1scriminant = —axaIb=
ALP, x=(-6) -6=30 Therefore the curve and the line only

and y= [_ﬁ]l —-10{-6)+5=101 intersect once, so the tangent at P does not
Coordinates of P are (30, 101). intersect the curve again.



10a x=2sint, y—-FcosZr

j: =2cost, = —ZJ_amEI
Cdy —25}"_511121 B —'J_x 2sintcost
“dx 2cost cos f

= —Zﬁsin t

h%ena‘—%
{3 )- 3

Equation of normal at 4 is

J«'—[—£] J—(x V3)

Voy+\B=x-\3
x—\-@y—iﬁ=ﬂ

¢ Substituting for y and x in the normal
equation:

2sint —+f6 x 42 cos 2t —23 =0
sinr—ﬁmsﬂf—ﬁ=ﬂ
sint—~3(1-2sin’ ) =3 =0
23sin’ ¢ +sint —2+f3 =0
(2sint —3)(x3sint +2)=0

. 3 ;
Sinf=—— or smf{=———
2 B

(2nd option not possible since |sim‘| =1)

3 T 2n
SNf=— — t==— or —
2 3 3

W’henfzz—“
3

x= Esinz—n =J?_n, y= ﬁcnsql—n:-ﬁ,

3 3 2
which 1s the same as point 4, so [ does not
intersect ' other than at point 4.



11a x=cost, yzésinir

E:—z:in.l‘, d—y:ccsﬂ
df

) dy__cust

odx sinf

Equation of tangent at 4 1s

33

Le. y=—X+——

3
4

11¢ [ and/, both have gradient —1

. values of t at points where the tangents
cut the curve will be solutions to
_ cos 2t 3
sm¢
1-2sin” t =sint
2sin’ t+sinf—1=0
(2sint —1)sint+1)=0

1
sinf == or —1
2
% 5% . 3%
t=—,— or —
6 6 2
So lines /; and /, touch the curve when
t=5—1t andl=3—7t
2
P, = x:-ﬁ,y:—ﬁ

Equation of /; 1s

}7— -.J—3- :-l X— _._J_g.

4 2
i.e.y=—x—&?7

4
t=3—n = x=0,y=0
2

Equation of /5 is
y=0=—(x-0)
ie.y=-x




7 2x" +3y' —x+6xy+5=0

4x+6y%—]+ﬁ(x%+y}=ﬂ

(6y+6x}%=]—ﬁy—4x

dy _1-6y-4x
dr  6(x+y)

Whenx=1and y =-2,

dy 1-6(-2)-4 3

d 6(1-2) 2

Equation of tangent at (1, —2) 1s
3

y=(2)=-2(x-1)

2y+4=-3x+3

3x+2y+1=0



10a sinx+cosy=0.5

. dy
cosx—siny—=I)
Y dx
. dy  cosx
Codx siny

b At stationary points % =0

COs X

—— =10 when cosx=10
sin y

‘\E’hen.‘r:—g, =l+cosy=0.5

cos ¥ =1.5 = no solutions

Therefore the stationary points are
T 2n T 2n
—,— |and | —,—— |.
23 23
1la ye ' -3x=)’
dy

_ 2 dy
_3 ix + 31__3=2 el
y(=3e )+e ] Y 4x

{E—lr _ 2}"} % — 3[}].&—3: + 1]

dy  3(ye ™ +1)
dv e -2y

b Substitute x = 0 and y = 0 to give
dy _3(0xe" +1) _3
dr " -2x0
Equation of tangent at (0, 0) 1s
y=0=3(x-0)
yv=3x



8 3 =y-2n

3 In3 :Q— [IE'F‘}»‘]
dx dx

3 In3 +2;|;=(1—2::]E
dx

dy 3" In3+2y

dx 1-2x

Substitute x =2 and y = —3 to give
dy 3 In3-6
T 2 33

dx 1-4

9 In(y) :%xln[x—l]

21ny=%xln[x—1)

zﬂzi[[ﬂL]m{x_n]
¥ dy 2 x—1

d—y=l{i+1n[x—1]J
de 4lx-1

Whenx =4,

the equation of the curve gives
In(y")=2In3=I9=y =9
S ¥y=3 (because y > 0)

Hr:m:r.eid—:w:E i+1113r :1+§]n3
dr 413 4

11 y:lf Inx—-2x+5

3
d—y:lf[l]+lenx—2=£+gxlnx-2
de 3 x) 3 3 3
d_J:J=l+E{1+lnx)=1+E]nx
de 3 3 3

2

(15 convex whend—::,}{]
d-x__

2
1+ZInxz 0

3 >

3

In [
nxa 5

3
xpe’



